Abstract. We investigate transient periodic orbits of dissipative invertible maps of R2. Such orbits exist just before, in parameter space, a saddle-node pair is formed. We obtain numerically and analytically simple scaling laws for the duration of the transient, and for the region of initial conditions which evolve into transient periodic orbits. An estimate of this region is then obtained by the construction-after extension of the map to C2-of the stable manifolds of the two complex saddles in C2 that bifurcate into the real saddle-node pair.
Introduction
An orbit in a dissipative system can show transient periodic behaviour, i.e. before the orbit falls down onto the final attractor it seems periodic for a long, but finite, time.
Saddle-node bifurcations of periodic orbits are common for dynamical dissipative systems. Here we demonstrate for maps of the real plane that each saddle-node bifurcation is preceded by this transient periodic behaviour. Essential for our description of this phenomenon is that in such a bifurcation process two complex conjugate periodic orbits in C2 move, as a function of a control parameter, towards the real plane; they coincide and then separate in R2 as a saddle and a node (Guckenheimer and Holmes 1983) . Long periodic transients then occur just before the saddle-node bifurcation takes place, when the two complex periodic orbits are close enough to the real plane to influence the orbit in R2.
It turns out that, for parameter values close to this bifurcation point, the region of initial points in phase space that exhibit this transient periodic behaviour can be estimated by the construction of the boundary of the inset of the fixed point at the bifurcation point. As an alternative we make such an estimate by the construction of the stable manifold of one of the two saddle periodic orbits in C2. Roughly speaking the projections on R2 of points on this manifold, whose distance to R2 is minimal, form the boundary of the transient periodic region.
Similarly to the length of intermittency in one-dimensional maps (Schuster 1984) , the length of transient periodic behaviour scales with the inverse of the root of the distance of the complex saddles to the real plane (cq line). The width of the boundary of the transient periodic region scales with this same root.
We investigate this phenomenon for the invertible real quadratic map, H, with constant Jacobian, b with 0 < Ib( < 1,
which describes a typical saddle-node bifurcation if p approaches zero from above. The map has two complex fixed points if p > 0, at a distance proportional to Jp from the real plane. The saddle-node bifurcation occurs at the origin if p = 0.
Asymptotics of the trajectories before the saddle-node bifurcation
Below, the following results are proved for the map (1). If p > 0 every orbit diverges. If p = 0 the plane is divided in two parts: the inset Bo of the elliptic fixed point at the origin, and its complement B,, in which every orbit diverges. Bo is a closed simply connected set. Its boundary is an analytic curve that coincides with the set of points which converge to the origin along its stable direction. As a result Bo can be obtained by construction of this boundary (cf the appendix).
Equations (la, b) yield for a trajectory {x,, y,} For small p, the local behaviour of orbits in the neighbourhood of the origin is determined by (see figure 2) 
( 4 6 )
Observe that for p = 0 the first two terms in the RHS of ( 3 a ) and ( 3 b ) are the normal form of (1) (Arnold 1977) which is non-linear since the linearised map has an eigenvalue equal to one.
Transient periodic behaviour: numerical observations
If p > 0 every orbit goes to infinity. However, there is a large region of initial points whose orbits are trapped for a long time in the neighbourhood of the origin. Here we define, and calculate for various b and p, the trapping time for each orbit. If p<< 1 the area with long trapping time appears to be well approximated by Bo, constructed at p = 0. The long trapping timescales with 1/v'p. The width (for transversal intersection) of the transition region between initial points with long and short trapping time is proportional to Jp.
The trapping time of a given initial condition is defined as the time to reach the region A where the map is essentially quadratic:
where R, is a sufficiently large constant. If defined in this way the trapping time is a discontinuous function of the initial condition. To define a continuous trapping time, observe that the approximate map x " +~ =2x: in A is exactly solvable, x, = f exp[2" ln(2xo)]. Now define for a given initial position the trapping time 7 by d{xo,
where N is such that {xN+, , yN+l} E A, {xN, y N } iZ A and t is given by Although 7 is still not continuous, this definition satisfies for numerical purposes. 
The constant of proportionality in (8), of course, depends on the chosen range of initial conditions and on the choice of Ro. However it is very insensitive for both choices and is numerically very close to 7r/d2, which is confirmed by the analytical analysis below. In the following we define T~ = 7r( 1 -b ) / d ( 2 p ) .
(ii) The central line C of the transition region, i.e. the contour line with T = ~~/ 2 , coincides to a good approximation with WO, the boundary of the inset, if p = 0. The error is of the order of p, and therefore small.
(iii) The slope s of T ( { x , y } ) at C scales as
Consequently the width of the transition is O(dp). As a result the shift, mentioned in result (ii) is negligible. Note that the proportionality constant in (9) varies along the central line C (cf figure 4) . Finally we remark that the trajectory of each initial point which shows transient periodic behaviour reaches the neighbourhood of the origin in a few steps and stays there for most of the trapping time. Furthermore, 'relevant' transient periodic behaviour occurs in a small range of the parameter: O< p =s lo-*. 
Analytic description of the observed results
The scaling results are described quantitatively by the analytic solution of a map that approximates the trajectories in the neighbourhood of the origin. To find the transient periodic region for small values of P, we extend map (1) to a map from C2 + C2. We demonstrate that the complex stable manifold of one of the complex conjugate saddles before the bifurcation determines the region of transient periodic behaviour.
The local behaviour of the map H at the origin is derived from ( 3 a ) and (3a). For a trajectory that passes through a small neighbourhood of the origin, tends to P / ( l -b ) with b" and effectively map (1) (12)
Here A is an eigenvalue of U and A and B are components of the eigenvector. Then { uo, wo} = { A + A*, B + B*}.
To interpret these results, recall that (10) approximates to (3a) if (v3) < 1v21 and 1v31< P. Both inequalities are satisfied if 171 < dp < 1 (cf also figure 2). The time needed for an orbit ( vo, ql,. . .) to go from vo to Jp is ~( 7~) = fj(dP) -f j ( vo), fj( 7 ) being the inverse of f j ( n ) in (12). Clearly from figure 5, ~ (-dP) 
, which is in agreement with the value which was found numerically (cf (8)). Furthermore observe that f ( n ) also predicts the observed values for the shift proportional to P and the slope s (results (ii) and (iii) of 0 3).
To determine the trapping region, consider (1) as a map from C2+ C2. If P > 0 this map has fixed points at
(15) Each fixed point is a saddle: one of the two eigenvalues (in absolute value) is larger than one and the other smaller than b. If p tends to zero, these two points approach the real plane. At p = 0 the two points merge into one real fixed point.
We now show that the stable manifold of one of the complex fixed points, W', can be used to predict the boundary of the region of transient periodic behaviour. For a (complex) saddle this stable manifold is the set w~C ' s u c h that H"w converges to the fixed point for n + a . In the appendix we show the existence of an analytic transformation z ( u ) , C' + C' , whose range constitutes iV. Similarly, if p = 0, a set WO is defined in C2. The intersection of this set with [w' is WT, (cf figure 1) .
with eigenvalues determined by the equation (7) for (10) calculated from (12) for some 6, p pair with very small p, p >>p. Observe that the thickness and shift of the transition region agree with the numerical results (8) and (9).
To predict the boundary of the transient periodic region, recall that for a point w€C2, Re(w) is its projection on R2 and IIIm(w)II is its distance to R2()I 11 is the Euclidean norm). Now consider for p = 0 a line 1 in R2 which crosses WO transversally. When we determine w E Po such that Re(w)E I, then the distance IIIm(w)\I to 1 is minimal, i.e. zero, at the intersection of 1 and WO. Figure 6 shows IIIm(w)ll along a particular line 1. Similarly, we expect for p > 0, that when we cross the central line C transversally along the curve 1, the distance IIIm( w)ll with w E W and Re( w ) E 1, is minimal at the intersection point. intersection lines 1 for figures 6 and 7 are shown in figure 8 , where the manifold Wi, at b = 0.3 is also shown for comparison.
Final remark
We have studied transient periodic behaviour in the basin of an attractor at infinity for a quadratic map, which has a saddle-node bifurcation. We are able to predict analytically the region of the initial conditions for which orbits seem to converge to a periodic orbit for a long time, and the duration of these transients. We conclude that every saddle-node bifurcation, taking place in the basin of a certain attractor, is preceded by transient periodic orbits in this basin. Since saddle-node bifurcations typically occur for dissipative dynamical systems, at least in a range of parameter values (Guckenheimer and Holmes 1983) , these transients are a common phenomenon. We used this Taylor expansion for the numerical construction of the complex manifolds; we truncated the expansion at a certain degree, for which the numerical values of the remaining terms were of the order of magnitude of the precision of the computer. Then we solved for U the equation:
Re (f(u)) = Y c .
(A161
In this way we obtained solution curves in the U plane (cf figure 9). We constrained ourselves to a relevant range of x ( y ) values (1x1 < 1, lyl< 1). The projection on I W~ obeys Re(z) = {x, y c } and by construction z ( u ) E W (and analogous for figure 7 ( d ) , where the x component is kept fixed).
In order to check the validity of the results we varied the truncation order of the Taylor expansion. The solutions in the chosen x-y domain of (A16) were insensitive to such variations.
